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ABSTRACT

This paper presents a comparison between two analytic methods for the determination of natural frequencies
and mode shapes of Euler-Bernoulli beams. The subject under scrutiny is the problem of a beam supported by
an arbitrary number of translational springs of varying stiffness, which is solved first by the method of Laplace
transform and then by the Green's function method. The two methods are compared on the level of algebraic
equivalence of the resulting formulas and these are compared to the results obtained by FEM analysis for the
case when the beam is supported with a single spring. It can be shown that both methods result in equivalent
algebraic expressions, whose results are to be regarded as accurate for any given set of boundary conditions.
This is also verified by means of FEM analysis, whose solutions converged to almost identical values. Hence, the
two methods are found to be equally accurate for the calculation of natural frequencies and natural modes.
This paper also brings a new formulation for the mode shape equation, obtained by the Laplace transform
method, which to the best of the authors’ knowledge has not been reported in existing literature. Additional
comments about the advantages and disadvantages of the two employed analytical methods are given from
the standpoint of mathematical structure and practicality of implementation, which is also supplemented by a
comment on the comparative advantages and disadvantages of FEM analysis.
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1. INTRODUCTION

Problems connected with lateral vibrations of beams have received a lot of attention in scientific
literature over the past several decades because they translate well into a wide range of engineering
problems in which distributed elasticity plays a dominant role in the response of structures
deflected from their equilibrium and/or subjected to dynamic loads. Depending on the level of
complexity of the studied problem, the task of finding the natural frequencies and mode shapes
often involves a dose of cumbersome mathematics if the solutions are to be sought in closed
form. The necessity to resort to advanced mathematical concepts (e.g. Green's functions) on one
hand is on the other counterbalanced by the ever-increasing CPU computing power and the rapid
development of CAD and FEM software solutions. The problem was also tackled by resorting to
approximate solutions, either in the form of rule-of-thumb formulas intended for the preliminary
engineering estimation of natural frequencies, or in the form of more elaborate analytic approach
of series solutions and numerical formulations that lead to systems of linear algebraic equations,
both of which are capable of producing mode shapes as well.

The problem of free transverse vibrations of beams, which is of central interest in this paper, has
been studied extensively, to varying degrees of complexity and with various types of boundary
conditions and intermediate restraints. This field of study can generally be divided into several
classes of problems, such as, for instance, the problem of elastically supported beam (Kukla, 1991),
the problem of a beam with lumped masses (Skoblar et al, 2017), the problem of a beam with
elastically mounted masses (Kukla, Posiadala, 1994), the problem of a beam with moving masses,
as well as a combination of some of the previous cases (Mohamad, 2003). The problem of elastic
support of beams, which is considered in this paper, is, for instance, encountered in problems
involving vibrations of railway tracks (Connolly et al, 2014), the propagation of sound through
periodically supported panels etc. (Mead, Pujara, 1971, Legault, Mejdi, Atalla, 2011).

Free vibration of an Euler-Bernoulli beam with translational and torsional linear springs was studied
by (Bergman, McFarland, 1988) by using the Green’s functions. The Green’s function method was
also utilized to study the free transverse vibrations of Euler-Bernoulli beams with intermediate
elastic supports (Kukla, 1991) and with many elastically mounted masses (Kukla, Posiadala, 1994).
The closed form expressions of the equations for the natural frequencies were obtained. In paper
(Kukla, 1997) the Green’s function method was applied to calculate the natural frequencies of
a Timoshenko beam with multi-mass oscillators. Tables of Green’s functions for the theory of
beam vibrations with general intermediate appendages can be found in (Mohamad, 1994). In
(Abu-Hilal, 2003) the Green’s function method is used for determining the dynamic response of
Euler-Bernoulli beams subjected to distributed and concentrated loads. Also, the Green’s functions
for various beams with different homogenous and elastic boundary conditions are given. Free
vibration analysis was studied by (Skoblar et al, 2017), who derived the characteristic equation
for a cantilever Euler-Bernoulli beam carrying a point mass by Laplace transform method. The
characteristic equation was solved and exact natural frequencies and normal modes were obtained.

In this paper the problem of an Euler-Bernoulli beam elastically supported with translational
springs is examined and the results obtained with three different approaches are compared.
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The main comparison is made between two analytic methods, namely the method of Laplace
transforms and the method of Green’s functions. These two methods are complemented with
numerical results obtained by FEM, which are also used to verify the analytic results. Chapter
2 gives a theoretical foundation for the implementation of the Laplace transform method and
the Green’s function method. Theoretical considerations are further elaborated with an example
solved in Chapter 3, and the results are compared to the results obtained by FEM in Femap v10.
Chapter 4 discusses various aspects of the three employed approaches in free vibration analysis
of beams, with an emphasis on their respective advantages and disadvantages. Finally, concluding
remarks are given in Chapter 5.

2. FORMULATION OF THE PROBLEM

2.1 General considerations

A beam supported elastically by a number of translational springs is shown in Figure 1, with a set
of boundary conditions (B.C.) defined at x = 0 and x = L. For the sake of generality no assumptions
are made beforehand as to the number and exact positions of the springs, and the governing
equations and the resulting solutions are given in generalized form.

The transverse displacement w(xt) of a freely vibrating beam supported by translational springs as
shown in Figure 1 is generally governed by the equation:

El

Ad e a1,
o w(x,t o w(x, 1
(.; ,1) +pd (3 1)
ox ot
where w(xt) is the beam deflection at cross-section x at time t, £ is the modulus of elasticity, [ is the
beam cross-sectional moment of inertia, p is the density, A is the cross-sectional area of the beam,
and k(x) is the stiffness of the foundation of the beam at position x.

+k(x)w(x,1)=0, (1)

Figure 1. A beam supported by translational springs

Xn-1

X4

L d rdf-= pd + | -

B.C.|s-0 %&1 k,,é k,.% B.C:|,=L

Source: Authors’ original work

When the beam is supported by N linear springs at points x , with n = 1, N, it can be stated that

k(.\‘)zi:’c”()‘b\'—.\‘”), )

n=1
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where k is the stiffness of the n-th translational spring (located at x ), and L is the Dirac delta
function with the properties:

F()8(—x,)= {f{x,, ¥W(x—x,), x=x, (32)
0, x#x,,
[ F@8e-x)dx= f(x,). (35)

The solution for the transverse displacement of any point along the beam in time is assumed as the
product of two functions. One function is dependent only on the spatial coordinate x, and thus
qualitatively describes the deflected form of the vibrating beam, i.e. its mode shape. The second
function is a harmonic function dependent only on time t, which thus scales the first function (i.e.
the deflections) as the progression of time varies its value. We, therefore, assume the solution of Eq.
(1) in the following form:

w(x,0)=W(x)e", (4)

where w is the natural frequency of the beam. Using Eq. (4), from (1) it is easy to obtain:

&t w(x, 1) _ W (x) o 0*w(x,1)

-~ 7
J

=(io)* W(x)e"™. (5)

ox! ox’
After substituting expressions (2) and (5) into (1), Eq. (1) can be rewritten as:

o'W (x)

At

pA sz(_‘c)+W(_‘c)ik“ o(x—x,)=0. (6)

El

By introducing the non-dimensional variables:

: ~ W
§:%,§J:%andW:I, %

where L is the length of the beam, from (6) it can finally be derived that

d‘lr -:‘ §pgr s o= TF g u Tl -
':*-7' s W(E=-W(EY K, S(E-£). (8)

dé

where £* = pA@’ L)) E and K, =k, I’/ E . We shall hereafter refer to € as the frequency
coefficientand to K_ as the non-dimensional stiffness.
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The differential equation in (8) is solved in this paper using the Laplace transform and the Green’s
function approach.

2.2 Laplace transform method

Applying the Laplace transform to Eq. (8) and knowing that

L[d :;Ef)] = 5'L[7(&)] - 5*7(0) - s7'(0) - sI7"(0) —17"(0),

L[W(é}ZK,ﬁ(é—cf" )] =Y K,e W (E,),

where L is the Laplace operator, the Laplace transformed solution with respect to the non-
dimensional position variable ¢ is obtained as

L7 &)= . 154 [ssﬁ{m +$7(0) +5I"(0) +I7"(0) = S K e I (£, ] (10)

Finally, assuming the pinned-pinned boundary conditions:
W(0)=0, W"0)=0, W(1)=0, W"(1)=0, (1)

and taking the first two, equation (10) yields

n=1

LI7(©&)= X 11‘4 [SRW(O) +7"(0) -3 K, e T (E, )]_ (12)

The inverse transform of (12) is found to be

sinh(&£)+sin(&E) ;."p?'({)}+ 7 "(0)

(&)= Sih(e8) sin(es)

sinh(sf - s£,)-sin(sf - 6£)

287
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-Y KW (ENH(E-E,)

n=]

where H(:) is the Heaviside function. Using the last two boundary conditions in (11), the two

unknown constants J7’(0) and "(0) in (13) are obtained, yielding finally the mode shape
function:

singsinh &

Fﬂf;(gt) _ ]—35:{1(“‘?(.@ )[sinh({;— && )sinh(&6) sing —sin(e — &5, )sin(&& ) sinh L‘]

n=|

+H (&, )sin(eé — &£, )—sinh(ef — &, )]},
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To the best of the authors’ knowledge, the generalized mode shape equation (14) for pinned-
pinned beam supported with an arbitrary number of translational springs of varying stiffness has
not been presented in such a form in existing literature.

If there is only one spring, applied at =¢, equation (14) can easily be transformed into the
frequency equation, whose solutions are the values of the frequency coefficient &:

K, sinh(& — &€, )sinh(¢£) sin(&) —sin(e — &£, ) sin(&€) sinh(e) — 2&° sin(&) sinh(g) = 0. (15)
This procedure can be repeated for any number of springs§ (m =1,...,N), in which case Eq. (14) is

most suitably written in matrix form. For reasons of simplicity and to avoid repetition, this principle
is demonstrated in section 2.3.1.

2.3 Green’s function method

2.3.1 General considerations

By using the standard property of the Dirac delta function in (3.2), Eq. (8) is transformed into:

4177 N
EHE - o6 ==Y WEIK, 8¢ -4). (16)

® n=l

Furthermore, if G(E,E) is the Green's function of the stated problem, which by definition is the
solution of a differential equation when the forcing term equals the Dirac delta function,

d'G(£.¢)
g4

£

~6'G(£.8)=8(£-¢,), (17)

then using the property in (3.b) yields the solution of Eq. (16) as

W (&)=-3 W(E)K, GEE,). (18)

n=1
Allowing ¢ in Eq. (18) to assume values ¢ (m =1,...,N) forms a system of N linear equations

W(E)+K W (E)G(E,E) +K W (E)G(ELE) +.. +K W (E)G(&, &) =0,
W(E)+K T (E)G(E,, E)+K IV (E)G(E,,E) + . +K W (E)G(E,,£4) =0, (19)

W (&) +K W (E)G(Ey, &) +K W (E)G(Ey, &) + . +K TV ()G (Ey, Ey) =0,
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which can be represented in matrix form as

KW =0, (20)
where
K.G(.8)+1  K.G(G.&) - KyG(6.¢y) W(&)
Klf;(épé:]) Kz(;(é:p‘f:)—}—l K.\-'(;(é‘:"f,\-') I’RVV{‘_,E«}
- ‘ _ , _ ;W= T 1)
Kl(;(é\'vél] K:G(é"__‘.,c_f:] K,\'G(‘i\'vé,\']"'l I'i;(‘f_\:)

Each m-th equation in this system of equations can be understood as the calculation of the non-

dimensional deflection W(fm) at point & . The quantity G(¢,,,¢,) determines the influence

spring k_exerts at point § - thatis, G(¢,,,&,) multiplied by K yields the amount contributed
by springk_(which is applied at point § ) to the overall non-dimensional deflection at point § .

In order to determine the eigenvalues of the system, the determinant of the matrix K must be set
equal to zero:

K|=0, (22)

which constitutes the frequency equation of the system, whose solutions are the values of the
frequency coefficient €. Finally, the natural frequencies are obtained as:

o =& \EI[(pAL"). (23)

For each value of g, the corresponding mode shape can be determined from expression (18) as:

. iy pr W v
V(O =K GE5) Y, K, GEE). (24)
o1

n=2

where W(&) = VIN/(ﬁ) / W(é‘l) represents the modal deflection, as the deflection relative to the
non-dimensional deflection at the point of application of the first spring.

2.3.2 Determination of the Green’s function

The Green'’s function to be used in the procedure described above can be determined from Eq.
(17), by applying any method conventionally used for solving differential equations. For instance,
equation (17) could be solved very effectively by means of Laplace transforms, or using the
method of parameter variation. For the purpose of this investigation, the method of undetermined
coefficients is employed.
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Itis obvious that for { = ¢ Eq.(17) is homogeneous, i.e. the right hand side is equal to zero. In sucha
case it can be shown that the solution consists of linear superpositions of sin(e€), cos(€§), sinh(g€)
and cosh(&¢) on either side of § = ¢ and can generally be assumed in the following form:

G(S.6)=

=i

{('I singd +C,cosed +Csinh e +C,coshed, & <&, (25)

C,singf +C cos &+ C, sinh e + Cycoshel, £>&

In order to determine the eight constants (C,..C), the function G(§¢ ) must first satisfy four
boundary conditions, two at each end of the beam (€ = 0 and & = 1), which depend on the type of

the end support. For the case of a pinned-pinned beam these conditions are:
82

G 9*G
7 (0.6)=0, GLE)=0, —2 (L&) =0. (26)
S g

G(0,¢,) =0,

Since the problem is governed by a fourth-order differential equation (r = 4), the remaining four
constraints necessary for the calculation of all constants follow from the fact that G(§,¢ ) and its
derivatives up to the order of two (r - 2) satisfy the continuity conditions at point § = ¢ , and the
(r = 1)th derivative has a discontinuity of 1/a (£ ) at the same point; here, a_is the coefficient
multiplying the highest derivative in (17), in this case a =1 (Riley et al, 2006):

((J

G(fnl ’fu}= G("fn "-frr)" AE (é:a.ll "'/;:n - éj" (‘é‘tn ,g"”), (frr ’fn) = n ’frr)
‘h ( ° ok~ (27)
o
[ =1
E_E n "fu " u)

Using conditions given in Eqs. (26) and (27) the coefficients C....C, can be expressed in terms of C....
C as:

C,=C,—acos&l, C,=C,+asineé, C,=C,+acosheé, C,=C,—asinhef, (28)

where @ =1/ (2&*). These generally valid expressions can now be used with exact boundary
conditions (26) to determine the Green’s function formulated in Eq. (25). Finally, the Green’s
function for the pinned-pinned boundary conditions is obtained as:

agl(éf?‘fn’g)j é:g_tu
T g £,(8)
(J(‘:}‘:'sbuas) = £ E ’ {29]
agl(‘vaa“b’g) £ E

2,(2) 5=

where

£,(&.&,,¢)=sinh(&£, —&)sinh(&f)sin & —sin(e — &5, )sin(&&)sinh &,

30
g,(&)=singsinhe. &0
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Once that the Green’s function is derived, the mode shape equation (18) can be transformed into
(14), which is obtained by the Laplace transform method.

3. EXAMPLE

If a beam is supported with only one spring the frequency equation in (22) reduces to:

f{"") =K1(;(§L=§1»8}+1=0- (31)

Assuming the beam is pinned at both ends (Figure 2), we can use expressions (29) and (30) for the
calculation of the natural frequencies and mode shapes. After minor manipulations, Eq. (31) can
be shown to be mathematically equivalent to the frequency equation (15) obtained by the Laplace
transform method. As already pointed out in preceding sections, the natural frequencies can be
calculated from the frequency coefficients, obtained in this case as the roots of Eq. (31). This is shown
in the two diagrams in Figure 3 for two different positions ¢, of the spring an i-th zero of each curve
(counted from the left) is equal to the value of the frequency coefficient € corresponding to the i-th
natural frequency.

Figure 2. Example problem; pinned-pinned beam with a single spring

&

| [ ] -

AN AN
Ki=kiL*/EI

Source: Authors’ original work

Figure 3. Frequency equation of the system (30) scaled to the view range from —2000 to 2000 for
a)§,=0.1and K, = 1000, b) §, =03 and K, = 1000 (zeros are marked as circles)

a) b)

2000 — — 2000

fe) N e © ||
1000 1000 Foevmeee e fpormeneees
0 d d q 0 o o o o o

-1000 -1000

-2000 oo b - -2000 .

6 8 10 12 14 0 2 4 6 8 10 12 14
Frequency coefficient £ Frequency coefficient £

Source: Authors’ original work
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Plotting the frequency coefficients against all possible positions €, of the spring for a chosen set of
different values of the non-dimensional stiffness produces the diagram shown in Figure 4. Here,
each plotted curve shows the change of the natural frequency with respect to the position of the
spring for a constant value of K.

Figure 4. Dependence of the frequency coefficient € on K, and ¢, for the first three natural
frequencies; the results are plotted for ten values of K :
10,100, 200, 500, 1000, 2000, 5000, 10000, 15000, 20000

L L L L L L L L

o L
v] 005 041 015 0.2 025 03 035 04 045 05

&

Source: Authors’ original work

Additional insight into these results can be obtained by plotting the frequency coefficients as functions
of the non-dimensional stiffness while the position of the spring is held constant, as shown in Figure 5.

Figure 5. Comparison between analytical solutions (—) and FEM analysis values (4,0,0)
of the frequency coefficient € fora) §, =0.1,b) §, =03

a) b)
12 T T 12 T T T T T T 7 T T T T T
& i i i 3rd natural freq. g [ I P A
1 1 - [~ 3rd natural fraq.: T Y
10 ! r 10 ; . | - 1”7 2nd natural freq
- ! . 25 ]2 atura freg.
8 2nd natural freq. _| g 44
D i
L i Y
6 i 6 1st natural freq.
1st natural freq. - Ay A A A
4 2 7> A 4
- |
2 2
0 (4]
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Ky Ki

Source: Authors’ original work
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Considering that the Green’s function for this problem is defined with Eg. (29), the expression for
mode shapes (24) can be rewritten as:

K a
) [gl(é:?é]“f“)]!(él _§)+g1(§]1§,6')1](§—§] )]' (32)

Y()=-
g,(

where the properties of the Heaviside function prove convenient in the implementation of an
automated computer code.

Comparison of the mass-normalized mode shapes, as described in more detail in (Skoblar et al,
2017), is shown in Figure 6.

Figure 6. Comparison between analytical (—) and numerical values (A, 0,0) of the first three
mode shapes for a) ¢, =0.1and K, = 1000, b) §, = 0.3 and K, = 1000

a)
lri #5204 PN AN
G / / f)( N\

0,1 0,2 0,3/ 0,4 35/ 0,6 }t{ 08 0,9
0,5 \

-15

1,5 fmmmmmmmms =

s
ve,. | L7 X N [\
NV AN A
- 0,1 M\Qd 0,5 0,6><0,? 0,8 0,9
\&

1,5 7> £r

Source: Authors’ original work
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4. DISCUSSION

It has already been pointed out that the frequency equations derived by the Laplace method
and the Green’s function method are mathematically equivalent, and therefore both methods
yield accurate solutions in closed form. The mode shape equation from (14), determined with
Laplace transforms, incorporates the Heaviside function, but it can easily be transformed into a
more familiar form (18), which is obtained as an intermediate step in the derivation of the Green’s
function.

Although the Laplace method is easier to use and implement from the standpoint of mathematical
structure, the two analysed methods can be equally appropriate in free vibration analysis, i.e. for
the calculation of natural frequencies and natural modes. However, the advantage of the Green's
function method lies in the fact that for different boundary conditions Green’s functions are
already known from the available publications (Mohamad, 1994, Abu-Hilal, 2003) and, therefore,
the calculation of eigenmodes (18) can be carried out more easily than by directly applying the
Laplace transform method. Furthermore, the Green'’s function method lends itself easily to the
analysis of forced vibrations. The method of Green’s functions is also more efficient than the series
methods, because it yields exact solutions in closed form, which is particularly important in the
determination of dynamic responses of beams. It must be noted that the boundary conditions are
embedded in the Green’s functions, and therefore it is not necessary to determine the eigenvalues
and the corresponding eigenfunctions in order to determine the dynamic responses, which is
required with series solutions (Abu-Hilal, 2003).

Free vibration analysis with FEM is not computationally demanding by present-day standards, and
it takes only seconds for the solution to converge. As shown in Figures 5 and 6, the results conform
almost perfectly to the analytical solutions for both the natural frequencies and mode shapes. In
fact, since the difference of natural frequencies is of the order of 10, these can be considered as
accurate results by any engineering standard. This is especially significant in engineering practice,
since able use of FEM software packages does not require any kind of theoretical insight and
understanding of the underlying mathematics on part of the designer. However, there are two
principal disadvantages of the FEM analysis. Firstly, the user is faced with the requirement for
pre-processing whenever a single parameter in the model is changed (e.g. spring stiffness and/or
spring position), which can often be more time consuming than the analysis itself. Secondly, the
inability to produce generalized results mandates additional calculations and manipulations with
the simulation output data in the interpretation and post-processing phase in order to transform
the obtained results from a case-specific form into a universally valid form.

5. CONCLUSION

In this paper a comparison between two analytic methods for the determination of natural
frequencies and mode shapes of Euler-Bernoulli beam supported by an arbitrary number of
translational springs of varying stiffness is presented. The problem of free vibrations is solved with
the method of Laplace transforms and with the Green'’s function method. Although, from the
standpoint of mathematical structure, the Laplace transform method seems to be easier to use
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and implement, the resulting formulas of the two methods are found to be algebraically equivalent.
Finally, analytical solutions are compared to the results obtained by FEM analysis for the case when
the beam is supported with a single spring. Excellent agreement between the analytical solutions
and numerical results is achieved, which shows that the two methods are equally appropriate for
the calculation of natural frequencies and natural modes.

Moreover, the generalized mode shape equation obtained with the Laplace transform method can
be used very effectively for the calculation of natural modes of an arbitrary beam with an arbitrary
number of springs for the case of pinned-pinned boundary conditions.
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USPOREDNA PROCJENA NEKIH METODA
RJESAVANJA SLOBODNIH VIBRACIJA ELASTICNO
OSLONJENIH GREDA®

SAZETAK

U radu je prikazana usporedba dviju analitickih metoda za odredivanje vlastitih frekvencija i
oblika vibriranja Euler-Bernoullijevih greda. Predmet istrazivanja je problem grede oslonjene na
proizvolinom broju translacijskih opruga razlicitih krutosti, sto je rijeseno prvo metodom Laplaceovih
transformacija, a zatim metodom Greenovih funkcija. Te dvije metode usporedene su na razini
algebarske ekvivalentnosti dobivenih izraza, Ciji su rezultati zatim usporedeni s rezultatima analize
zasnovane na MKE-u za slucaj kada je greda oslonjena na jednoj opruzi. Pokazano je da obje metode
rezultiraju algebarski ekvivalentnim izrazima, Cije se rezultate za zadane rubne uvjete moze smatrati
tocnima. To je potvrdeno i rezultatima analize pomocu MKE-a, Cija su rjeSenja konvergirala na gotovo
identicne vrijednosti. Za dvije je metode, stoga, utvrdeno da su jednako tocne u izracunu vlastitih
frekvencija i oblika vibriranja. U radu je iznesena i nova formulacija jednadzbe oblika vibriranja koja
prema saznanjima autora nije objavljena u postojecoj literaturi. U radu su dodatno usporedene
prednosti i nedostaci dviju analitickih metoda sa stanovista matematicke strukture i prakticnosti
implementacije, sto je nadopunjeno i komentarom o komparativnim prednostima i nedostacima
analize pomocu MKE-a.

Kljucne rijeci: Euler-Bernoullijeva greda, elasti¢ni oslonci, slobodne vibracije, Greenova funkcija,
Laplaceove transformacije
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